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Abstract. Let A be a based subspace of Y . Under the assump-
tions that Y is path-connected and that the reduced diagonal map
of A induces the zero map in all mod 2 reduced homology groups,
we compute a formula for the mod 2 reduced Poincare´ series of the
loop space Ω((A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1)). Here RP∞ and RP1
denote the infinite real projective space and the real projective line
respectively.
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1. Introduction
A general problem in algebraic topology is to compute the homology
of a loop space. More precisely, for coefficients in a field K and given a
pointed space X , one can ask to determine the homology H∗(ΩX ;K)
as a Hopf algebra. Here the multiplication of H∗(ΩX ;K) is induced by
multiplication of loops µ : ΩX×ΩX → ΩX , while the comultiplication
of H∗(ΩX ;K) is induced by the diagonal map ∆ΩX : ΩX → ΩX×ΩX .
In the case where X = ΣY is the suspension of a path-connected space
Y , this was determined by Bott-Samelson [BS54]. They proved that
H∗(ΩΣY ;K) is isomorphic as a Hopf algebra to the tensor algebra
T (H˜∗(Y ;K)) of the reduced homology of Y , with the comultiplication
of the tensor algebra determined on generators by the comultiplication
of H˜∗(Y ;K).
In the case where K is of characteristic zero, say K is the field Q of
rational numbers, Milnor-Moore proved that H∗(ΩX ;Q) is isomorphic
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as a Hopf algebra to the universal enveloping algebra U(π∗(ΩX)⊗Q)
where the Lie bracket on π∗(ΩX)⊗Q is given by the Samelson product
[MM65]. However, the structure of Hopf algebras is less understood
when K is of characteristic a prime p (although see [Hub81, Hub82]).
In this article, we will be interested in the case where p = 2.
When unable to determine the homology H∗(ΩX ;K) as a Hopf al-
gebra, one can forget the multiplication and comultiplication, asking
only to compute the reduced Poincare´ series of ΩX . Recall that, forW
a pointed space each of whose homology groups Hq(W ;K) are finite-
dimensional K-vector spaces, its qth reduced Betti number b˜q(W ;K) is
the dimension of theK-vector space H˜q(W ;K) and its reduced Poincare´
series is the ordinary generating function of its reduced Betti numbers,
namely the formal power series P˜ (W ;K) :=
∑
q≥0 x
q b˜q(W ;K). For ex-
ample, the Bott-Samelson theorem described above implies that, if Y
is a path-connected space each of whose homology groups H˜q(Y ;K)
are finite-dimensional, then
(1) P˜ (ΩΣY ;K) =
P˜ (Y ;K)
1− P˜ (Y ;K)
.
For K of arbitrary characteristic, a standard strategy to compute
the loop space homology H∗(ΩX ;K) is to consider the Serre spectral
sequence [Ser51] and the Eilenberg-Moore spectral sequence [EM66]
associated to the path-loop fibration ΩX → PX → X .
Another strategy is to construct a topological monoid whose under-
lying space is ΩX . Again considering the example where X = ΣY is
the suspension of a path-connected space Y , James proved that the
reduced free topological monoid J [Y ] has homotopy type ΩΣY and
used the associated word filtration to prove the suspension splitting
ΣΩΣY ≃
∨
s≥1ΣY
∧s [Jam55]. This gives another proof of (1). The
idea behind this strategy is to exploit the strictly associative multipli-
cation of the constructed topological monoid. This strict associativity
is easier to exploit that the homotopy coherent associativity of the mul-
tiplication of loops µ : ΩX × ΩX → Ω which gives ΩX its A∞-space
structure [Sta63].
In addition, one can apply techniques from simplicial homotopy the-
ory. For X a reduced simplicial set, Kan constructed a free simplicial
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group GX whose underlying space is ΩX [Kan58]. Taking K to be
the field F2 of two elements, Bousfield-Curtis used Kan’s construction
to develop a spectral sequence which converges H∗(ΩX ;F2) when X is
simply connected [BC70]. A consequence of their work is the following
result (see proposition 4.1 below): If X is a simply-connected pointed
space whose reduced diagonal map ∆X : X → X ∧X induces the zero
map in all mod 2 reduced homology groups, then
(2) P˜ (ΩX ;F2) =
P˜ (X ;F2)
x− P˜ (X ;F2)
Here the reduced diagonal map ∆X is the composite X
∆X−−→ X ×X ։
X ∧ X of the diagonal map followed by the standard projection to
the self-smash product. In particular, (2) holds when X is a simply-
connected co-H-space. This is a generalization of (1) in the case where
K = F2.
In this article, we compute the mod 2 reduced Poincare´ series for a
certain loop space which is the underlying space of a simplicial group
construction of Carlsson. This culminates work beginning from Carls-
son [Car84] and followed by the first and third authors [Wu97, Gao12,
GW13]. Let RP1 denote the real projective line, regarded as a sub-
space of the infinite real projective space RP∞. In terms of the stan-
dard CW complex structure on RP∞, the subspace RP1 is the bottom
cell. Note that both these real projective spaces are Eilenberg-MacLane
spaces, namely RP1 = K(Z, 1) and RP∞ = K(Z/2, 1). In particular,
RP1 ≃ S1.
Theorem 1.1. Let A →֒ Y be a based inclusion of pointed spaces, both
of whose mod 2 homology groups are finite-dimensional. If Y is path-
connected and the map (∆A)∗ : H˜∗(A;F2) → H˜∗(A ∧ A;F2) in mod 2
reduced homology induced by the reduced diagonal map of A is the zero
map, then
(3) P˜
(
Ω((A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1);F2)
)
=
(1− x)P˜ (Y ;F2) + xP˜ (A;F2)
1− x− (1− x)P˜ (Y ;F2)− xP˜ (A;F2)
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For G a discrete group and X a pointed G-space, Carlsson con-
structed a simplicial group JG[X ] of the homotopy type of ΩC¯(X),
where C¯(X) is the homotopy cofiber of composite X →֒ X ×G EG ։
X⋊GEG, where X×GEG (resp. X⋊GEG) is the Borel construction
(resp. reduced Borel construction) [Car84]. The first and third authors
named C¯(X) the 1-stunted reduced Borel construction of X [GW13].
In the case where G = C2 is the cyclic group of order two, they used
Carlsson’s construction to obtain a homology decomposition (see (7)
below). The space (A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1) in (3), which is the
union of the smash products Y ∧RP1 and A∧RP∞ identified over their
common subspace A∧RP1, is the 1-stunted reduced Borel construction
of the pointed C2-space Y ∪A Y with the C2-action associated to the
based involution switching the two copies of Y (see lemma 3.1 below).
Theorem 1.1 generalizes (1) in the case where K = F2 by taking A to
be the basepoint of Y (see example 4.3 below). Further examples are
given in section 4. We highlight example 4.6 which has some relation to
combinatorics. Taking A = S1 and Y = S2 in Theorem 1.1 gives a loop
space whose mod 2 reduced Betti numbers form essentially sequence
A052547 in the On-Line Encyclopedia of Integer Sequences [Slo11].
This sequence has a geometric interpretation in terms of diagonals
lengths in the regular heptagon with unit side length [Ste97, Lan12].
These diagonal lengths are related to the Chebyshev polynomials used
in approximation theory.
This article is organized as follows. In section 2, we cover background
material taken mainly from [GW13]. In section 3, we prove theorem
1.1. In section 4, we give some examples of theorem 1.1 and present a
corollary related to the above-mentioned spectral sequence of Bousfield-
Curtis.
2. Background material
In this section, we cover background material taken mainly from
[GW13]. The results will be stated without proof, but the relevant ref-
erence will be indicated. Throughout the rest of this article, homology
will always be taken modulo 2. As such, we omit the base field F2 from
the notation.
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First we introduce the 1-stunted reduced Borel construction asso-
ciated to a pointed G-space, where G is a discrete group. A (right)
G-space is a space X equipped with a map µ : X × G → X such
that, for x ∈ X and g, h ∈ G, we have the identities µ(x, 1) = x and
µ(µ(x, g), h) = µ(x, gh). Typically, we write x · g or just xg instead of
µ(x, g). For X a G-space, let XG denote its G-invariant subspace and
let X/G denote its orbit space.
The terminalG-space is the one-point space, denoted by pt, equipped
with the trivial G-action. Hence, a pointed G-space is a G-space X
equipped with a G-equivariant map from pt to X . Equivalently, a
pointed G-space is a G-space equipped with a basepoint invariant under
the G-action. For example, for Z a pointed space, the quotient space
(4) Z ⋊G := (Z ×G)/(pt×G),
equipped with the action induced by the free G-action on Z ×G, is a
pointed G-space.
Let EG denote the contractible G-space with a free G-action. The
Borel construction of a G-space X , denoted by X ×G EG, is the orbit
space of the diagonal G-action on the product X ×EG. The 1-stunted
Borel construction of a G-space X , denoted by X ×G E
1
∞G, is the
homotopy cofiber of the inclusion of a fiber X →֒ X ×G EG into its
Borel construction. The reduced Borel construction of a pointed G-
space X , denoted by X ⋊G EG, is the homotopy cofiber of the map
pt ×G EG → X ×G EG induced by the inclusion pt →֒ X . Let i :
X ×G EG → X ⋊G EG be the natural map. The 1-stunted reduced
Borel construction of a pointedG-spaceX denoted byX⋊GE
1
∞G, is the
homotopy cofiber of the composite map X →֒ X ×G EG
i
−→ X ⋊G EG.
These variants of the Borel construction are related by the following
3× 3 homotopy commutative diagram.
pt > pt×G EG > pt×G E
1
∞G
X
∨
> X ×G EG
∨
>X ×G E
1
∞G
∨
X
∨
> X ⋊G EG
∨
>X ⋊G E
1
∞G
∨
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By definition, all three rows and the middle column are cofiber se-
quences. Since the first column is obviously a cofiber sequence, we
conclude that the third column is a cofiber sequence. In other words,
the 1-stunted reduced Borel construction X⋊GE
1
∞G is also the homo-
topy cofiber of the map pt×G E
1
∞G→ X ×G E
1
∞G between 1-stunted
Borel constructions induced by the inclusion pt →֒ X .
Let us consider two examples of the 1-stunted reduced Borel con-
struction, which we leave to the reader to verify. If G acts trivially on
a pointed space X , then
(5) X ⋊G E
1
∞G ≃ X ∧BG
Here BG = K(G, 1) is the classifying space of the discrete group G.
For another example, consider the pointed G-space Z ⋊G described in
(4) above. Then there is a homotopy equivalence natural in Z:
(6) (Z ⋊G)⋊G E
1
∞G ≃ Z ∧ ΣG
Now consider the case where G = C2, the cyclic group of order
two. In this case, a pointed C2-space can be described equivalently
as a pointed space equipped with a based involution. To see this,
let t be the generator of C2. Given a pointed C2-space X , the map
(x 7→ xt) : X → X is a based involution of X . Conversely, given
j : X → X is a based involution of X (so that j ◦ j = idX), then X
is a pointed C2-space with the action X × C2 → X given by x · 1 = x
and x · t = j(x).
LetX be a G-space. The orbit projection is the projectionX → X/G
which sends each x ∈ X to its orbit xG. For f : Y → Z a map, a section
of f is a map g : Z → Y such that the composite Z
g
−→ Y
f
−→ Z is the
identity map of Z. The following homology decomposition is theorem
1.1 of [GW13] (recall that homology is taken modulo 2): For X be a
pointed C2-space, if the orbit projection has a section, then there is an
isomorphism of F2-algebras:
(7) H˜∗(Ω(X ⋊C2 E
1
∞C2))
∼=
⊕
s≥1
H˜∗
(
(X/C2)
∧s/∆˜s
)
,
where, for s ≥ 1,
∆˜s := {x1C2∧· · ·∧xsC2 ∈ (X/C2)
∧s| ∃i = 1, . . . , s−1 (xi = xi+1 ∈ X
C2)}
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The sufficient condition for (7) to hold is that X is a pointed C2-
space whose orbit projection has a section. Proposition 4.1 of [GW13]
characterizes C2-spaces whose orbit projection has a section: Let X be
a C2-space. The orbit projection X → X/C2 has a section if and only
if, there exist spaces A and Y where A is a subspace of Y , such that
(8) X ∼= Y ∪A Y
with the C2-action corresponding to the involution which switches the
two copies of Y . For the C2-space Y ∪A Y , its orbit space is isomorphic
to Y and its C2-invariant subspace is A. There are exactly two sections
of the orbit projection. One section maps the orbit space to the left
copy of Y , while the other section maps the orbit space to right copy
of Y .
In the case of a pointed C2-space X , its basepoint is invariant under
the action, hence its orbit projection X → X/C2 has a section if and
only if (8) holds where A is a based subspace of Y .
Next, we need a combinatorial formula for the Betti numbers of
the spaces ∆˜s. This will require some notation. In this article, by
a multiindex , we mean a (possibly empty) finite sequence of posi-
tive integers. For example, (2, 5, 4) is a multiindex. For a multiin-
dex α = (α1, . . . , αd), its dimension, denoted by dimα, is just the
nonnegative integer d, while its length |α| is the sum α1 + · · · + αd.
For W a pointed space whose mod 2 homology groups are finite-
dimensional, its αth (mod 2) reduced Betti number b˜α(W ) is the prod-
uct b˜α1(W )b˜α2(W ) · · · b˜αd(W ). In particular, b˜∅(W ) = 1 where ∅ is the
empty sequence.
For a sentence τ , its Iverson bracket is
(9) [τ ] =


1 if τ is true
0 if τ is false
For n and k integers, the binomial coefficient is given by
(10)
(
n
k
)
:= [k ≥ 0]
n(n− 1) · · · (n− k + 1)
k!
In particular, when k = 0, the product in the numerator is empty, so
that
(
n
0
)
= 1.
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Using this notation, we can state theorem 1.2 from [GW13]: Let
s ≥ 1. If the map (∆XC2 )∗ : H˜∗(X
C2) → H˜∗(X
C2 ∧ XC2) induced by
the reduced diagonal map of XC2 is the zero map, then
(11) b˜q(∆˜s) =
∑
|λ|+|µ|=q−s+dimλ+dimµ+1
2≤dimλ+dimµ+1≤s
c
(s)
λ,µb˜λ(X/C2)b˜µ(X
C2)
where
c
(s)
λ,µ :=
(
dimλ+ dim µ
dim µ
)(
s− dimλ− dimµ− 1
dimµ− 1
)
.
Here λ and µ in the sum in (11) are multiindexes.
Finally, iterating corollary 5.7 of [GW13] yields the following lemma.
Lemma 2.1. Let s ≥ 1. If the map (∆XC2 )∗ : H˜∗(X
C2) → H˜∗(X
C2 ∧
XC2) induced by the reduced diagonal map of XC2 is the zero map,
then the map H˜∗(∆˜s)→ H˜∗((X/C2)
∧s) induced by the inclusion ∆˜s →֒
(X/C2)
∧s is also the zero map.
3. Proof of theorem 1.1
In this section, we prove theorem 1.1.
First, we compute the homotopy type of the 1-stunted reduced Borel
construction of pointed C2-spaces whose orbit projection has a section.
Recall from the remarks after (8) that a pointed C2-space whose orbit
projection has a section has the form Y ∪A Y where A is a based
subspace of Y .
Lemma 3.1. For A →֒ Y a based inclusion of pointed spaces,
(Y ∪A Y )⋊C2 E
1
∞C2 ≃ (A ∧ RP
∞) ∪A∧RP1 (Y ∧ RP
1)
Proof. The following is a pushout square of pointed C2-spaces:
A⋊ C2
proj1
> A
Y ⋊ C2
∨
∩
> Y ∪A Y
∨
Since the Borel construction commutes with equivariant homotopy
colimits and the homotopy cofiber commutes with homotopy colimits,
the 1-stunted reduced Borel construction commutes with homotopy
colimits of pointed C2-spaces.
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Thus, taking the 1-stunted reduced Borel construction and using
equations (5) and (6), we have a homotopy pushout square
A ∧ ΣC2
A ∧ j
> A ∧ BC2
Y ∧ ΣC2
∨
∩
> (Y ∪A Y )⋊C2 E
1
∞C2
∨
where the map j : ΣC2 → BC2 can be identified, up to homotopy, with
the inclusion RP1 →֒ RP∞. 
Recall from the remarks after (8) that, for the pointed C2-space
Y ∪A Y , its orbit projection has a section, its orbit space is Y and
its C2-invariant subspace is A. Hence, lemma 3.1 together with the
homology decomposition (7) gives
(12) P˜
(
Ω(A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1)
)
=
∑
q≥0
xq
∑
s≥1
b˜q(Y
∧s/∆˜s),
where we identify ∆˜s with the following subspace of Y
∧s:
{x1 ∧ · · · ∧ xs ∈ Y
∧s| ∃i = 1, . . . , s− 1 (xi = xi+1 ∈ A}.
To prove theorem 1.1, we will require an ordinary generating function
of the binomial coefficients (see [Wil94] p.120 equation (4.3.1)). Let k
be a nonnegative integer. Then
∑
n≥0
(
n
k
)
xn =
xk
(1− x)k+1
More generally, given an integer m satisfying 0 ≤ m ≤ k, we also have
(13)
∑
n≥m
(
n
k
)
xn =
xk
(1− x)k+1
This is because the definition (10) of the binomial coefficients implies
that
(
0
k
)
=
(
1
k
)
= · · · =
(
k−1
k
)
= 0. Note that, by a change of variables,
(13) hold yet more generally when the indeterminate x is replaced by
a formal power series whose constant term is zero.
Proof of theorem 1.1. Let A →֒ Y be a based inclusion of pointed
spaces, both of whose mod 2 homology groups are finite-dimensional.
Suppose that Y is path-connected and that the map (∆A)∗ : H˜∗(A)→
H˜∗(A∧A) in reduced homology induced by the reduced diagonal map
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of A is the zero map. Hence, by lemma 2.1, for each s ≥ 1, the map
H˜∗(∆˜s)→ H˜∗(Y
∧s) induced by the inclusion ∆˜s →֒ Y
∧s is also the zero
map. This implies that the long exact sequence in homology associated
to the cofiber sequence ∆˜s →֒ Y
∧s → Y ∧s/∆˜s splits into short exact
sequences 0 → H˜q(Y
∧s) → H˜q(Y
∧s/∆˜s) → H˜q−1(∆˜s) → 0. As we are
taking homology with coefficients in a field F2, these exact sequences
split. Hence b˜q(Y
∧s/∆˜s) = b˜q(Y
∧s) + b˜q−1(∆˜s). Thus (12) becomes
(14)
P˜
(
Ω(A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1)
)
=
∑
q≥0
xq
∑
s≥1
b˜q(Y
∧s) +
∑
q≥0
xq
∑
s≥1
b˜q−1(∆˜s)
Here the first sum in (14) is just
(15)
∑
q≥0
xq
∑
s≥1
b˜q(Y
∧s) =
∑
s≥1
P˜ (Y ∧s)
=
∑
s≥1
P˜ (Y )s
=
P˜ (Y )
1− P˜ (Y )
.
Notice that the geometric series formula is applicable in the last line
above. This is because Y is path-connected so that the constant term
of the formal power series P˜ (Y ), namely b˜0(Y ), equals zero.
We are left to compute the sum
(16) S :=
∑
q≥0
xq
∑
s≥1
b˜q−1(∆˜s)
Replacing q by q + 1 and noting that b˜−1(∆˜s) = 0, this becomes
S =
∑
q≥−1
xq+1
∑
s≥1
b˜q(∆˜s) =
∑
q≥0
xq+1
∑
s≥1
b˜q(∆˜s)
Since (∆A)∗ : H˜∗(A)→ H˜∗(A∧A) is the zero map, we may use (11) to
obtain (noting that (Y ∪A Y )/C2 = Y and (Y ∪A Y )
C2 = A)
S =
∑
q≥0
xq+1
∑
s≥1
∑
|λ|+|µ|=q−s+dimλ+dimµ+1
2≤dimλ+dimµ+1≤s
c
(s)
λ,µb˜λ(Y )b˜µ(A)
= x
∑
q≥0
xq
∑
|λ|+|µ|=q−s+dimλ+dimµ+1
2≤dimλ+dimµ+1≤s
b˜λ(Y )b˜µ(A)
∑
s≥1
c
(s)
λ,µ,
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where
(17) c
(s)
λ,µ =
(
dimλ+ dimµ
dimµ
)(
s− dimλ− dimµ− 1
dimµ− 1
)
.
Solving the equation |λ|+|µ| = q−s+dim λ+dimµ+1 for the variable
s and using (17), this becomes
S = x
∑
q≥0
xq
∑
2≤dimλ+dimµ+1
dimλ+dimµ+1≤q+dimλ+dimµ+1−|λ|−|µ|
b˜λ(Y )b˜µ(A)c
(q+dimλ+dimµ+1−|λ|−|µ|)
λ,µ
= x
∑
q≥0
xq
∑
1≤dimλ+dimµ
|λ|+|µ|≤q
b˜λ(Y )b˜µ(A)
(
dimλ+ dimµ
dimµ
)(
q − |λ| − |µ|
dimµ− 1
)
Let N<ω denote the set of multiindexes. In terms of the Iverson
bracket notation (9),
S = x
∑
q∈Z
[q ≥ 0]xq
∑
µ∈N<ω
∑
λ∈N<ω
[1 ≤ dimλ+ dim µ][|λ|+ |µ| ≤ q]
· b˜λ(Y )b˜µ(A)
(
dimλ+ dimµ
dimµ
)(
q − |λ| − |µ|
dimµ− 1
)
= x
∑
µ∈N<ω
b˜µ(A)
∑
λ∈N<ω
b˜λ(Y )[1 ≤ dimλ+ dimµ]
(
dimλ+ dim µ
dim µ
)
·
∑
q∈Z
[q ≥ 0][|λ|+ |µ| ≤ q]xq
(
q − |λ| − |µ|
dimµ− 1
)
We compute the innermost sum. The empty multiindex ∅ has di-
mension 0. Hence, for multiindexes µ and λ,
∑
q∈Z
[q ≥ 0][|λ|+ |µ| ≤ q]xq
(
q − |λ| − |µ|
dimµ− 1
)
= [µ 6= ∅]
∑
q∈Z
[q ≥ 0][|λ|+ |µ| ≤ q]xq
(
q − |λ| − |µ|
dimµ− 1
)
= [µ 6= ∅]
∑
q∈Z
[|λ|+ |µ| ≤ q]xq
(
q − |λ| − |µ|
dimµ− 1
)
= [µ 6= ∅]x|λ|+|µ|
∑
n∈Z
xn[0 ≤ n]
(
n
dimµ− 1
)
(let n = q − |λ| − |µ|)
= [µ 6= ∅]
x|λ|+|µ|+dimµ−1
(1− x)dimµ
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where the last equality follows from the ordinary generating function
(13). Hence
S = x
∑
µ∈N<ω
b˜µ(A)
∑
λ∈N<ω
b˜λ(Y )[1 ≤ dimλ+ dimµ]
(
dimλ+ dimµ
dimµ
)
· [µ 6= ∅]
x|λ|+|µ|+dimµ−1
(1− x)dimµ
= x
∑
µ∈N<ω
b˜µ(A)
∑
λ∈N<ω
b˜λ(Y )
(
dimλ+ dimµ
dimµ
)
[µ 6= ∅]
x|λ|+|µ|+dimµ−1
(1− x)dimµ
=
∑
µ∈N<ω
b˜µ(A)[µ 6= ∅]
x|µ|+dimµ
(1− x)dimµ
∑
λ∈N<ω
b˜λ(Y )
(
dimλ + dimµ
dim µ
)
x|λ|
Turning to the next sum, we have
∑
λ∈N<ω
b˜λ(Y )
(
dimλ+ dimµ
dimµ
)
x|λ|
=
∑
d∈Z
[d ≥ 0]
(
d+ dimµ
dimµ
) d∏
i=1
∑
λi≥0
b˜λi(Y )x
λi
=
∑
d∈Z
[d ≥ 0]
(
d+ dimµ
dimµ
)
P˜ (Y )d
= P˜ (Y )−dimµ
∑
e∈Z
[e ≥ dimµ]
(
e
dimµ
)
P˜ (Y )e (let e = d+ dimµ)
=
1
(1− P˜ (Y ))dimµ+1
where the last equality follows from the ordinary generating function
(13) and noting that the formal power series P˜ (Y ) has constant term
zero.
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Hence,
S =
∑
µ∈N<ω
b˜µ(A)[µ 6= ∅]
x|µ|+dimµ
(1− x)dimµ
·
1
(1− P˜ (Y ))dimµ+1
=
∑
µ∈N<ω
b˜µ(A)[µ 6= ∅]
x|µ|+dimµ
(1− x)dimµ(1− P˜ (Y ))dimµ+1
=
∑
d≥1
xd
(1− x)d(1− P˜ (Y ))d+1
d∏
i=1
∑
µi≥0
b˜µi(A)t
µi
=
∑
d≥1
xd
(1− x)d(1− P˜ (Y ))d+1
P˜ (Y )d
=
xP˜ (A)
(1− P˜ (Y ))
(
(1− x)(1− P˜ (Y ))− xP˜ (A)
) ,
where the last equality follows from the geometric series formula and
the observation that the power series P˜ (Y ) has constant term zero.
Therefore, combining this with equations (14), (15) and (16), we obtain
the required
P˜
(
Ω(A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1)
)
=
P˜ (Y )
1− P˜ (Y )
+
xP˜ (A)
(1− P˜ (Y ))
(
1− x− (1− x)P˜ (Y )− xP˜ (A)
)
=
(1− x)P˜ (Y ) + xP˜ (A)
1− x− (1− x)P˜ (Y )− xP˜ (A)

4. Examples
In this section, we give some examples of theorem 1.1 and explain
the relation to a spectral sequence studied by Bousfield-Curtis.
The following is theorem 10.2 of [BC70]. Recall our convention that
homology is taken modulo 2. Let X be a reduced simplicial set. Let
GX be the simplicial group which is Kan’s construction [Kan58], whose
underlying space is ΩX . Filter the group ring F2(GX) by powers of
the augmentation ideal
· · · ⊂ In+1 ⊂ In ⊂ · · · ⊂ I1 ⊂ I0 = F2(GX)
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The associated spectral sequence {E¯r, dr : E¯rs,t → E¯
r
s+r,t−1} has the
following properties:
(a) For r ≥ 1, the E¯r term is a differential graded Hopf algebra.
(b) The E¯1 term is given by E¯1s,t = πt(I
s/Is+1). As algebras, the E¯1
term is isomorphic to the tensor algebra T (s−1H˜∗(X)). Here, for
a graded vector space V∗, its desuspension (s
−1V )∗ is the graded
vector space given by (s−1V )n = Vn+1 for all n ≥ 0. The differential
d1 on E¯11,∗ is given by the comultiplication of H˜∗(X).
(c) If X is simply-connected, then the spectral sequence {E¯r, dr} con-
verges to H∗(GX). Thus E¯
∞ is the graded Hopf algebra associated
with a decreasing filtration of H∗(GX) ∼= H∗(ΩX).
For V∗ a graded vector space, let χ(V∗) :=
∑
q≥0 x
q dimVq denote its
Euler-Poincare´ series. We compute the Euler-Poincare´ series of the E¯1
and E¯∞ terms. Note that
χ(T (s−1H˜∗(X))) =
1
1− χ(s−1H˜∗(X))
=
1
1− x−1P˜ (X)
=
x
x− P˜ (X)
Hence, by (b),
(18) χ(E¯1) =
x
x− P˜ (X)
Furthermore, if X is simply-connected, then by (c),
(19) χ(E¯∞) = χ(H∗(ΩX)) = χ(H˜∗(ΩX)) + 1 = P˜ (ΩX) + 1
We give a criterion for the spectral sequence {E¯r, dr} to collapse at
the E¯1 term.
Proposition 4.1. Let X be a pointed space whose mod 2 homology
groups are finite-dimensional. Suppose that X is simply-connected and
the map (∆X)∗ : H˜∗(X)→ H˜∗(X ∧X) induced by the reduced diagonal
of X is the zero map. Then the spectral sequence {E¯r, dr} collapses at
the E¯1 term and
(20) P˜ (ΩX) =
P˜ (X)
x− P˜ (X)
Proof. The comultiplication on H˜∗(X) is induced by the reduced di-
agonal map ∆X : X → X ∧ X . Hence, by (b) above, if (∆X)∗ :
H˜∗(X)→ H˜∗(X ∧X) is the zero map, then d
1 = 0, so that E¯1 = E¯∞.
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Furthermore, if X is simply-connected, then using (18) and (19) and
comparing Euler-Poincare´ series, we have
x
x− P˜ (X)
= P˜ (ΩX) + 1
Equation (20) follows by subtracting 1 from both sides. 
As noted in the introduction, this proposition holds when X is a
simply-connected co-H-space. This gives yet another proof of (1) when
K = F2. In more detail, let a path-connected pointed space Y be given.
Then ΣY is a simply-connected co-H-space, so by proposition 4.1,
P˜ (ΩΣX) =
P˜ (ΣY )
x− P˜ (ΣY )
=
xP˜ (Y )
x− xP˜ (Y )
=
P˜ (Y )
1− P˜ (Y )
Theorem 1.1 has the following consequence which relates to this spec-
tral sequence {E¯r, dr} studied by Bousfield-Curtis.
Corollary 4.2. Let A →֒ Y be a based inclusion of pointed spaces,
both of whose mod 2 homology groups are finite-dimensional. Suppose
that this inclusion induces a monomorphism H˜∗(A) ֌ H˜∗(Y ) in re-
duced homology. Suppose further that Y is path-connected and the map
(∆A)∗ : H˜∗(A) → H˜∗(A ∧ A) induced by the reduced diagonal map of
A is the zero map. Then the spectral sequence {E¯r, dr} collapses at the
E¯1 term.
Proof. As we are taking homology with coefficients in F2, the inclu-
sion RP1 →֒ RP∞ induces a monomorphism H˜∗(RP
1)֌ H˜∗(RP
∞) in
reduced homology. Since the inclusion A →֒ Y induces a monomor-
phism H˜∗(A) ֌ H˜∗(Y ) in reduced homology, the induced maps φ :
H˜∗(A∧RP
1)→ H˜∗(Y ∧RP
1) and ψ : H˜∗(A∧RP
1)→ H˜∗(A∧RP
∞) are
also monomorphisms. This implies that the Mayer-Vietoris long exact
sequence associated to the union X := (A ∧ RP∞) ∪A∧RP1 (Y ∧ RP
1)
splits into short exact sequences
0→ H˜q(A ∧ RP
1)
(φ,ψ)
−−−→ H˜q(Y ∧ RP
1)⊕ H˜q(A ∧ RP
∞)→ H˜q(X)→ 0
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Since we are taking coefficients in a field F2, these short exact sequences
split. Hence
P˜ (X) = P˜
(
Y ∧ RP1
)
+ P˜ (A ∧ RP∞)− P˜
(
A ∧ RP1
)
= xP˜ (Y ) +
x
1− x
P˜ (A)− xP˜ (A)
= xP˜ (Y ) +
x2
1− x
P˜ (A)
Substituting this into (18) gives
χ(E¯1) =
x
x−
(
xP˜ (Y ) + x
2
1−x
P˜ (A)
)
=
1− x
1− x− (1− x)P˜ (Y )− xP˜ (A)
Since Y is path-connected, the smash product Y ∧ RP1 is simply-
connected. Since (∆A)∗ : H˜∗(A) → H˜∗(A ∧ A) is the zero map, A is
path-connected so that A ∧ RP∞ is simply-connected. Hence the van-
Kampen theorem implies that X is simply-connected. Thus we may
use (19) together with theorem 1.1 to obtain
χ(E¯∞) = P˜ (ΩX) + 1
=
(1− x)P˜ (Y ) + xP˜ (A)
1− x− (1− x)P˜ (Y )− xP˜ (A)
+ 1
=
1− x
1− x− (1− x)P˜ (Y )− xP˜ (A)
Thus χ(E¯1) = χ(E¯∞). Hence in fact E¯1 = E¯∞, that is to say, the
spectral sequence {E¯r, dr} collapses at the E¯1 term. 
We now bring three extremal special cases of theorem 1.1 to the
attention of the reader.
Example 4.3. Let Y be a path-connected pointed space.
Taking A = pt in theorem 1.1, we have
P˜ (ΩΣY ) =
P˜ (Y )
1− P˜ (Y )
This gives yet another proof of (1) in the case where K = F2. Further-
more, corollary 4.2 implies that the spectral sequence {E¯r, dr} collapses
at the E¯1 term, which agrees with proposition 4.1.
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Example 4.4. Let A be a pointed space such that the map (∆A)∗ :
H˜∗(A) → H˜∗(A ∧ A) induced by its reduced diagonal map is zero. In
particular, A is path-connected.
Hence, taking A = Y in theorem 1.1, we have
P˜ (Ω(A ∧ RP∞)) =
P˜ (A)
1− x− P˜ (A)
Furthermore, corollary 4.2 implies that the spectral sequence {E¯r, dr}
collapses at the E¯1 term. This agrees with proposition 4.1. Indeed,
since A is path-connected, A ∧ RP∞ is simply-connected. Also, since
(∆A)∗ : H˜∗(A) → H˜∗(A ∧ A) is the zero map, (∆A∧RP∞)∗ : H˜∗(A ∧
RP∞)→ H˜∗((A ∧ RP
∞) ∧ (A ∧ RP∞)) is zero. Thus the conditions in
proposition 4.1 hold.
Example 4.5. Let A be a pointed space such that the map (∆A)∗ :
H˜∗(A)→ H˜∗(A ∧A) induced by its reduced diagonal map is zero.
Hence, taking Y = CA to be the cone of A in theorem 1.1 and noting
that CA is contractible, we have
P˜
(
Ω(A ∧ (RP∞/RP1))
)
=
xP˜ (A)
1− x− xP˜ (A)
In this case, corollary 4.2 does not apply. However, we know from
proposition 4.1 and an argument similar to example 4.4, that the spec-
tral sequence {E¯r, dr} does collapse at the E¯1 term.
We end this article by giving an example of theorem 1.1 not covered
by the above examples. In the process, we prove a conjecture of the
first and third authors (see conjecture 6.1 in [GW13]).
Example 4.6. LetX be the pointed C2-space which is the union of two
2-spheres S2 with the antipodal involution under which their equatorial
circles are identified. As noted in [GW13], this pointed C2-space X is
equivariantly homotopic to the pointed C2-space S
2 ∪S1 S
2 with the
action associated to the based involution of switching the two copies of
S2. Hence, by lemma 3.1 and taking A = S1 and Y = S2 in theorem
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1.1,
(21)
P˜
(
Ω(X ⋊C2 E
1
∞C2)
)
=
(1− x)(x2) + x(x)
1− x− (1− x)(x2)− x(x)
=
1− x
x3 − 2x2 − x+ 1
− 1,
which proves conjecture 6.1 in [GW13]. Since the induced map H˜∗(S
1)→
H˜∗(S
2) is not a monomorphism, corollary 4.2 does not apply.
From the generating function (21), the mod 2 reduced Betti numbers
of Ω(X ⋊C2 E
1
∞C2) form the sequence
{0, 2, 1, 5, 5, 14, 19, 42, 66, 131, 221, 417, . . .}
As mentioned in the introduction, this is essentially sequence A052547
in the On-Line Encyclopedia of Integer Sequences [Slo11]. This se-
quence is related to the Chebyshev polynomials used in approximation
theory.
This example suggests that the mod 2 reduced Betti numbers of
the loop space studied in theorem 1.1 may provide a geometric in-
terpretation for certain combinatorial sequences. This application to
combinatorics may be of interest to pursue further.
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